The teleparallel version of Lewis-Papapetrou space-time is investigated. For this space-time the true discussion of the geometric and physical properties is given. We show that the value of space-like torsion-axial vector does not depend on the choice of tetrad field. Consequently, the spin procession of the Dirac particle and the corresponding Hamiltonian do. The energy and momentum densities for such space-time are calculated. We show that when choosing two sets of tetrad fields the dependence and independence of the aforementioned quantities on the tetrad field depend on the Lorentz factor, which links the two sets of tetrad fields.
Introduction
Although General Relativity (GR) and Teleparallel Gravity (TPG) are conceptually equivalent two theories, there are some fundamental conceptual differences between them. These differences make TPG to be a suitable framework for addressing some challenging problems in GR. The most important difference is that in TPG a tetrad field, instead of a metric in GR, is the fundamental geometric object. In TPG the gravitation is described by torsion, not through geometrization as in GR 1 , as a force acting on a test particle, that is, there are no geodesic equations [1] . In this paper, we restrict our attention to study the torsion vector, torsion axial-vector and gravitational energy in the teleparallel version of Lewis-Papapetrou space-time. From the geometric and physical view points the torsion axial-vector [1] - [9] 1. describes the deviation of the axial symmetry from spherical symmetry, 2. represents the spin precession of a Dirac particle, 3 . is the gravitomagnetic part of the gravitational field and it is responsible for the Lense-Thirring effect, in the case of slow-rotation and weak field approximations, 4 . is related to the space-time vorticity and its value is proportional to the magnitude of vorticity. These effects can be explained by the non-invariance of Teleparallel Gravity under local transformations SO(3).
In the framework of Teleparallel Gravity, the torsion axial vector have studied by many authors some of them have shown that the spin precession of a Dirac particle is intimately related to the torsion axial-vector [2, 10, 11, 12, 13, 14] .
The issue of distribution of energy-momentum is one of the oldest interesting and challenging problems, since the beginning of general relativity. In attempts to obtain an acceptable general definition of the gravitational field in this issue, different definitions were introduced [15] . These definitions are restricted to calculate the energy-momentum distribution in quasi-Cartesian coordinates, except Møller definition [16] , in order to get a meaningful result.
Although there is still no generally accepted definition for the gravitational energy-momentum distribution, the definitions given have yielded acceptable results. For a given space-time, some interesting results lead to the conclusion that these prescriptions give the same energy-momentum distribution [17] . However, some examples of space-times have been explored which do not support these results [18] .
The theory of Teleparallel Gravity reproduces the empirical content of the theory of General Relativity, but in a format that more closely resembles the gauge theories of the standard model than gravity does. Therefore, this theory allows a more satisfactory treatment of the problem of energy-momentum localization [19] . By working in the context of Teleparallel Gravity, there are many attempts to find an acceptable definition of the energy-momentum distribution for a given space-time. The first attempt, after Einstein proposed this theory, was by Møller [19] , who noticed that the tetrad description of the gravitational field overcomes the problem of the gravitational energy-momentum.
This paper is organized in the following way: In the next section we outline the general formalism of the fundamental concepts of the theory of Teleparallel Gravity and present the correct form of the inverse of tetrad field, given in [20] , for the space-time under consideration and obtain the correct expressions for the torsion vector and torsion axial-vector. Moreover, we choose another set of tetrad field different from that given in [20] . This tetrad satisfies the tetrad's conditions and leads to the teleparallel version of Lewis-Papapetrou space-time. We see if the physical and geometric objects of this space-time depend on the choice of tetrad or not. In section 3, we calculate the energy and momentum densities for the space-time under consideration. Finally, in section 4, discussion and conclusions are presented.
Teleparallel version of the Lewis-Papapetrou spacetime
We consider the stationary axisymmetric space-time represented by the following Lewis-Papapetrou line element [21] 
where γ, ψ and ω are arbitrary functions of ρ and z only and ω represents the angular velocity. These functions satisfy the following constraint equations
As we stated in the introduction, in the context of TPG the tetrad field h a µ is used instead of the metric tensor g µν . A given metric tensor admits many tetrad field. There are many ways to construct the tetrad h a µ which corresponds to g µν . One of these ways is by solving the following relation
where η ab = diag(1, −1, −1, −1). 2 A non-trivial tetrad h a µ and its inverse h ν a satisfy the following relations 5) and, in addition, the root of the metric determinant is
The parallel transport of the tetrad h a ν between two neighboring points is encoded in the covariant derivative
is the Weitzenböck connection. This connection is presenting torsion, but no curvature. The torsion of the Weitzenböck connection is defined by
which is antisymmetric in the two indices µ and ν. The connection Γ ρ µν and the Levi-Civita connectionΓ ρ µν 3 are related by the following relation
Here the Greek indices µ, ν, λ, ... have the range 0, ..., 3, and denote to tensor indices, i.e. indices related to space-time; Latin indices a, b, c, ..., have the range 0, ..., 3, will be used to denote local Lorentz (or tangent space) indices.
is the contortion tensor.
The torsion tensor T λµν can be decomposed into three irreducible parts under the group of global Lorentz transformation as follows [1]
is the tensor part that defines the torsion tensor,
is the vector part that defines the torsion vector, and
is the axial-vector part that defines the torsion axial-vector, which represents the deviation of the axial symmetry from spherical symmetry [22] .
Here the completely antisymmetric tensors ε µνρσ and ε µνρσ with respect to the coordinates basis are defined by [23] 
where δ µνρσ and δ µνρσ are the completely antisymmetric tensor densities of weight −1 and +1, respectively, with normalization δ 0123 = +1 and δ 0123 = −1.
In the context of TPG, it has been shown that the spin precession of a Dirac particle is intimately related to the torsion axial-vector via the vector differential equations [1, 22, 24] .
where S is the spin vector of a Dirac particle and Ω = − 3 2 A is the Lense-Thirring precession angular velocity [25] - [34] with A to represent the spacelike part of the torsion axial-vector. In GR, Ω is produced by gravitomagnetic component of the gravitational field [34] . The spin-rotation can be extended to gravitomagnetism via the Hamiltonian
where σ is the particle spin.
The action of Teleparallel Gravity in the presence of matter is given by
where h = det(h a µ ), £ M is the Lagrangian of a source field and
is a tensor written in terms of the torsion of the Weitzenböck connection. In the above form c 1 , c 2 and c 3 are the three dimensionless coupling constants of Teleparallel Gravity. For the so called teleparallel equivalent of General Relativity, the specific choice of these constants is given by [1] 
The energy-momentum complexes of Einstein and Landau-Lifshitz in Teleparallel Gravity, respectively, are given by [19] hE µ
where ✵ µλ ν is the Freud's super-potential and defined as follows
The energy and momentum distributions in the above complexes, respectively, are
where P 0 is the energy, P i (i = 1, 2, 3) are the momentum components and the integration hypersurface Σ is described by x 0 = t constant.
In the tetrad field for the space-time (2.1) given in [20] (see equation (42) in [20] ), the authors considered the angle θ appeared in this tetrad represents the coordinate x 2 = θ. It is interested to point out that this angle is any constant angle satisfied the Pythagorean identity cos 2 θ + sin 2 θ = 1 and it can be replaced by another symbol like Θ, which is different from the x 2 -coordinate. Since the tetrad and its inverse given in [20] (see equations (42) and (43) in [20] ) do not satisfy the tetrad's conditions (2.4) and (2.5). Therefore, we will re-writing the tetrad and its inverse on the right form, to satisfied the relations (2.4) and (2.5), as follows
(2.20)
According to previous modifications, the components of the Weitzenböck connection, Γ σ µν , vanish when ν = 2. Therefore the components Γ 0 12 , Γ 1 22 and Γ 2 12 obtained in [20] (see equation (44) in [20] ) should identically be equal zero. This leads to correct the components T 0 12 and T 2 12 of the torsion tensor T σ µν (see equation (45) in [20] ), to become
The another non-vanishing components of the torsion tensor T σ µν (see equation (45) in [20] ), are
(2.22)
Consequently to the above corrections, the non-vanishing components of the torsion vector become
and the space-like axial-vector given in [20] will now completely improved to the following form
whereê ρ andê z are the unit vectors along radial and z-directions, respectively. Here dot and prime denote the derivative with respect to ρ and z, respectively. The expression (2.24) shows that the space-like part of the torsion axialvector lies in the (−ρ)z-plane. We note that h = √ −g = ρe 2(γ−ψ) , not as appeared in [20] .
After giving the correct expression of the torsion axial-vector, we will give the expressions of the spin procession of the Dirac particle and the corresponding Hamiltonian, respectively, as follows
26)
Now, we will correct the depended results on special cases of the values of the functions ω (see equations (52)-(54) in [20] ) 1. if ω depends only on z, then the axial-vector will be symmetric about radial axis and takes the form
The expressions of dS dt and δH are
2. if ω is only a function of ρ, then expressions of A, lies in ρz-plane, dS dt and δH are, respectively
3. if ω is constant, then
It is interested to point out that these corrections will correct the geometrical and physical meaning of the results obtained by Sharif and Amir [20] and give the true discussion of the geometry and physics of the space-time under consideration. Now, we will construct another tetrad field related to the metric (2.1) to be different from the one given in (2.19) , and to be of the form
We can inspect that equations (2.28) and (2.29) satisfy the tetrad's conditions (2.4) and (2.5) andh = deth a µ = √ −g = ρe 2(γ−ψ) . Using this tetrad field and its inverse in equations (2.7), we get the nonvanishing components of the Weitzenböck connections
(2.30)
Inserting the above components into (2.8), we obtain the corresponding non-vanishing components of the torsion tensor
(2.31)
Substituting the above components in equations (2.10) and (2.11), we get, respectively, the non-vanishing components of the torsion vector V µ and the torsion axial-vector A µ as follows
32)
(2.33)
The space-like torsion axial-vector has the following vector form
This expression shows that the torsion axial-vector will be lies in the (−ρ)zplane. Equations (2.23) and (2.32) and equations (2.24) and (2.34) show, respectively, that both torsion vector and axial-vector do not depend on the choice of tetrad field and have the same values in both two sets of tetrad field.
Using equation (2.34) in equations (2.12) and (2.13), we obtain the spin procession of the Dirac particle and the corresponding Hamiltonian, respectively
(2.36)
The above two equations are the same equations (2.25) and (2.26) obtained using the tetrad field given in [20] . 
Energy and momentum densities
(3.37)
Inserting these components to equations (2.17) and (2.16), using the relations (2.2) and (2.3), we get the energy and momentum densities in the prescriptions of Einstein, and Landau-Lifshitz, respectively, as follows:
(3.39) These results are obtained by using the tetrad given in (2.19 ) (see equation (42) in [20] ) and its right inverse (2.20) .
Using the other constructed tetrad (2.28) and its inverse (2.29), we get the same results for the torsion vector (2.23), space-like axial-vector (2.24) and energy and momentum densities in the sense of Einstein and Landau-Lifshitz (3.38)-(3.39).
The question that arises now is: Why did the two different tetrad fields give the same results to the aforementioned quantities? We will postpone the answer to the conclusion. We can conclude that if we choose two sets of relevant tetrad fields, both of them achieve the tetrad's conditions, we find that the energy and momentum densities do not depend on the choice of tetrad fields. This result sustain the result obtained in [35] that in the framework of the teleparallel geometry the correct description of the gravitational energy-momentum singles out a unique set of tetrad fields.
Discussion and conclusion
In this work we focused on the geometric and physical properties of Lewis-Papapetrou space-time within the framework of the teleparallel gravity. The results we have obtained here are different from that obtained in [20] and [36] . Therefore, the analysis for the torsion axial-vector, energy-momentum density, spin precession of a Dirac particle and the extra Hamiltonian of the space-time under consideration is completely new. The second objective of this work was to create another set of tetrad field different from the one given in (2.19) and to examine the geometric and physical quantities depend on the choose of tetrad field or not. We found that the axial-vector, torsion axial-vector, the spin procession of the Dirac particle and the corresponding Hamiltonian do not depend on the choice of tetrad field.
The reason for this independence came from the Lorentz transformation which links the two tetrad fields h a µ andh b µ by
where the Lorentz factor, A a b , is given by As it is well known, in the context of Riemannian geometry the space-time is invariant under the Lorentz transformation, therefore the Lorentz factor, A a b , is irrelevant. On the contrary, in the context of Weitzenböck geometry the Lorentz factor is the basic element of the definition of the tetrad field and, accordingly, the connection. This shows why the choice of tetrad field is a delicate issue in TPG. For the space-time under study, we found that A a b does not depend on the components of tetrad field, that is, it is irrelevant. Then the teleparallel version of Lewis-Papapetrou space-time is invariant under Lorentz transformation. This sustains that the theories of TPG and GR are equivalent. Gad [2] studied the teleparallel version of Van Stockum space-time. He found that the obtained expressions for the torsion vector and the torsion axial-vector are quite different for the two sets of tetrad fields. The reason for this was that the Lorentz factor, given below 4 (see [2] ), depends on the tetrad components happen if the Lorentz factor depends on the tetrad components, h ν a , (as in the case of Van Stockum space-time, see [2] ). In the case of Lorentz's factor does not dependent on the tetrad components, the space-time is invariant under Lorentz transformation, as in the Riemannian geometry (as in the space-time under study).
